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Unitary representations of Hecke algebras of
complex reflection groups
Emanuel Stoica
Abstract
We begin the study of unitary representations of Hecke algebras of
complex reflections groups. We obtain a complete classification for the
Hecke algebra of the symmetric group Sn over the complex numbers.
Interestingly, the unitary representations in the category O for the
rational Cherednik algebra of type A studied in [ESG] correspond to
the unitary representations of the corresponding Hecke algebra via the
KZ functor defined in [GGOR].
1 Introduction
In this paper, we begin the study of unitary representations of Hecke alge-
bras of complex reflection groups. Given a complex reflection group W and
the corresponding Hecke algebra H = Hq(W ) over the complex numbers, we
investigate the existence of a certain H-invariant nondegenerate Hermitian
form on a representation V . The defining property of the form is its invari-
ance under the braid group BW of W , namely (Tv, v
′) = (v, T−1v′) for all
T ∈ BW and v, v
′ ∈ V .
A representation with such a Hermitian form will be called unitary if the
form is positive definite. Since unitary representations are semisimple, we
may restrict the study of unitarity to irreducible representations.
The main result is Theorem 4.2 which provides a complete classification of
the unitary irreducible representations of the Hecke algebra of the symmetric
group Sn. The proof uses the theory of tensor categories and properties of
restriction functors.
The organization of the paper is the following. In section 2, we overview
a few general definitions and results regarding the Hecke algebra H of the
1
2complex reflection group G(r, 1, n); in section 3, we construct a Hermitian
form on Specht H-modules and their irreducible quotients invariant under
the action of the corresponding braid group; finally, in section 4, we classify
the unitary irreducible representations of the Hecke algebra of the symmetric
group Sn.
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2 Preliminaries
Let r and b be positive integers. We will first review the definition of the
Hecke algebra of the complex reflection group G(r, 1, n), namely the wreath
product (Z/rZ)n⋊Sn. This algebra is also known as the Ariki-Koike algebra.
Definition 2.1. Given a commutative domain R and a family of parameters
q = (q, q1, . . . , qr) ∈ R
r+1, the Hecke algebra Hq(W ) of the complex reflection
group W = (Z/rZ)n ⋊ Sn is the algebra generated by T0, T1, . . . , Tn−1 and
relations
(T0 − q1) . . . (T0 − qr) = 0,
T0T1T0T1 = T1T0T1T0,
(Ti + 1)(Ti − q) = 0 for all i = 1, . . . , n− 1,
TiTi+1Ti = Ti+1TiTi+1 for all 1 ≤ i ≤ n− 2,
TiTj = TjTi for all 0 ≤ i ≤ j − 2 ≤ n− 3.
Note that T1, . . . , Tn−1 generate a subalgebra of Hq(W ) isomorphic to
the Hecke algebra Hq(Sn) of the symmetric group. It has a natural basis
{Tw| w ∈ Sn} over R indexed by permutations, such that every Tw is given
by certain a product of elements Ti for 1 ≤ i ≤ n− 1.
In our paper, we will assume R = C. For ’most’ complex values of the
parameters q = (q, q1, . . . , qr), the Hecke algebra Hq(W ) is semisimple. We
will call these values generic.
We assume all parameters are invertible. We will use extensively the
involution σ, a semilinear involution of H = Hq that sends a 7→ a, q 7→ q
−1,
qi 7→ q
−1
i , T0 7→ T
−1
0 , and Ti 7→ T
−1
i , for all a ∈ C and 1 ≤ i ≤ n − 1.
This defines an involution for the universal Hecke algebra, where q are taken
3to be (invertible) formal parameters. When we specialize the parameters
to complex numbers on the unit circle, this map can be extended to a C-
semilinear involution of the special Hecke algebra. Note that we must assume
the parameters are on the unit circle to be able to define this involution for
specializations to complex numbers.
We also define the C-linear anti-involution ∗ on H that sends q 7→ q,
qi 7→ qi, T0 7→ T0, and Ti 7→ Ti, for 1 ≤ i ≤ n − 1. This determines an
anti-involution for any specialization of variables to complex numbers.
We will follow [DJM] in defining for any multipartition λ = (λ1, . . . , λr)
of n a Specht module Sλ. Given two multipartitions λ and µ, we say that λ
dominates µ if
∑k−1
i=1 |λ
i|+
∑j
i=1 λ
k
i ≥
∑k−1
i=1 |µ
i|+
∑j
i=1 µ
k
i for all 1 ≤ k ≤ r
and j ≥ 1. If λ dominates µ and λ 6= µ we write λ⊲ µ.
Let tλ be the standard λ-tableau filled with 1, 2, . . . , n in order in the first
row, second, and so on, in λ1, . . . , λr. For any standard λ-tableau s, define
d(s) ∈ Sn to be the permutation such that t
λd(s) = s. It is straightforward
that the set {d(s)|s standard λ-tableau} is in one-to-one correspondence with
(right) coset representatives of Sλ in Sn where Sλ = S|λ1|×S|λ2|× . . .S|λr|
is a Young subgroup of Sn.
Given the multipartition λ of n, let a = (a1, . . . , ar) where ai =
∑i−1
j=1 |λ
j|
for any 1 ≤ i ≤ r. Let also xλ =
∑
w∈Sλ
Tw and
Lm = q
1−mTm−1 . . . T1T0T1 . . . Tm−1
for m = 1, . . . , n. We define mλ = (
∏r
k=1
∏ak
m=1(Lm − qk))xλ ∈ H. For any
pair of standard λ-tableaux (s, t), set mst = T
∗
d(s)mλTd(t).
Now, let us define the vector space
N¯λ = C{mst|s, t standard µ-tableaux for a multipartition µ of n, µ⊲ λ}
which is a two-sided ideal in H (see [DJM] Proposition 3.22).
Definition 2.2. Define zλ = (N¯
λ +mλ)/N¯
λ to be an element in H/N¯λ and
the Specht module Sλ = Hzλ.
Note 2.3. In [DJM], the Specht module Sλ is defined as a right module zλH,
but we prefer the opposite definition. The anti-involution ∗ maps one to the
other, since m∗λ = mλ and (N¯
λ)∗ = N¯λ.
It is well known that for generic values of the parameters, the Specht
modules corresponding to multipartitions of n are irreducible and exhaust
all irreducible representations of H.
43 The existence of the Hermitian form
In this section, we assume H = Hq(W ) is the Hecke algebra of the complex
reflection group G(r, 1, n) defined above. We prove that if parameters are
complex numbers on the unit circle, any irreducible representation V of H
is Hermitian, namely, it admits a nondegenerate Hermitian form such that
(Tv, v′) = (v, σ(T ∗)v′) for all v, v′ ∈ V and T ∈ H. Equivalently, the form is
invariant under the corresponding braid group.
In order to construct the Hermitian form, we will use the symmetric bi-
linear form 〈, 〉 on the Specht module Sλ defined in [DJM], which satisfies
〈Tv, v′〉 = 〈v, T ∗v′〉 for every v, v′ ∈ Sλ, and T ∈ H. If the Hecke algebra is
semisimple, the Specht module is irreducible and the form is nondenegerate.
If the Hecke algebra is not semisimple, the form may degenerate, and the
quotient Dλ = Sλ/rad〈, 〉 will be either irreducible or zero. The family
{Dλ| λ multipartition of n,Dλ 6= 0} forms a complete set of irreducible rep-
resentations of H (for more details, see [DJM]).
For any multipartition λ of n, the following holds
Lemma 3.1. (i) The involution σ preserves N¯λ, and σ(mλ) = mλu for some
invertible element u ∈ H;
(ii) The involution σ preserves the Specht modules, namely σ(Sλ) = Sλ
for any λ.
Proof. Let us first prove that σ(xλ) = q
sxλ for some integer s. It is easy
to observe from the definition of xλ that we can reduce the problem to the
case x =
∑
w∈Sn
Tw. Note that Twx = q
l(w)x for all w ∈ Sn where l(w) is
the length of w. It is well known that x is unique with such property, up to
scaling (see, for example, [DJ1], section 3). Applying σ, we obtain Twσ(x) =
ql(w)σ(x) which, combined with the uniqueness of x, gives σ(x) = Px where
P ∈ C[q, q−1]. Since σ is an involution, P (q)P (q−1) = 1 which implies P = qs
for some integer s.
Sincemλ =
∏r
k=1(
∏ak
m=1(Lm−qk))xλ ∈ H, a straightforward computation
taking into account the commutativity of Lm for 1 ≤ m ≤ n gives σ(mλ) =
mλu where u = q
t
∏r
k=1 L
bk
k q
−ak
k for some integers t, ak, bk, and 1 ≤ k ≤ r.
Note that u ∈ H is invertible. Finally, we note that N¯λ =
∑
ν⊲λHmνH,
since it is a two-sided ideal in H. Hence, σ preserves N¯λ, and also Sλ.
Proposition 3.2. If the complex parameters q are on the unit circle, then
any irreducible representation Dλ 6= 0 has a nondegenerate Hermitian form
5such that
(Tv, v′) = (v, σ(T ∗)v′) (1)
for all v, v′ ∈ Dλ and T ∈ H.
Note 3.3. For any 0 ≤ i ≤ n− 1, σ(T ∗i ) = T
−1
i . Moreover, σ(T
∗) = T−1 for
any T from the group generated by elements Ti.
Proof. First, let us recall the existence of a symmetric bilinear form 〈, 〉 on
Sλ such that 〈Tv, v′〉 = 〈v, T ∗v′〉 for any v, v′ ∈ Dλ and T ∈ H. This form
descends to a nondegenerate form on Dλ.
Let us note that there is a semilinear involution on the Specht mod-
ule Sλ, which by abuse of notation we will also denote by σ, such that
σ(T )σ(v) = σ(Tv) for any T ∈ H and v ∈ Sλ. On Sλ, we construct a new
form 〈v, w〉1 = 〈v, σ(w)〉. Clearly, the form 〈, 〉1 is sesquilinear and descends
to a nondenegerate form on Dλ. Since the form 〈, 〉1 is unique up to rescaling,
it follows that 〈v, v′〉1 = c〈v′, v〉1 for all v, v
′ ∈ Dλ and a complex constant c.
Note that c must be on the unit circle, hence c = exp(iθ) for some θ ∈ R.
Define now (v, v′) = α〈v, v′〉1 where α = exp(i
θ
2
). We conclude immediately
that (, ) is Hermitian.
We end this section with the following
Definition 3.4. Given a multipartition λ such that Dλ 6= 0, we say the
Dλ is unitary if the nondegenerate Hermitian form defined above can be
normalized to be positive definite.
4 Unitary representations in type A
The rest of the paper will focus on the Hecke algebra of the symmetric group
Sn. In this case, the Hecke algebra depends only on one parameter q. For a
complex q, let e be the smallest positive integer such that 1+q+. . .+qe−1 = 0.
If such an integer does not exist, we set e =∞.
The irreducible representations Dλ of Hq are indexed by partitions of n.
As it is well known, Dλ 6= 0 if and only if λ∨ is e-restricted where λ∨ is the
conjugate partition. In other words, λ∨i − λ
∨
i+1 < e for all i . In this section,
we will denote Dλ : = D
λ∨ . Hence, Dλ 6= 0 if and only if λ is e-restricted.
Similarly, we will denote Sλ = S
λ∨ . As mentioned in the previous section,
Dλ = Sλ/rad(, ).
6We define the unitary locus of λ to be the set
U(λ) = {c ∈ (−
1
2
,
1
2
]|Dλ is nonzero and unitary at q = exp(2πic)}.
Proposition 4.1. (i) For any n ≥ 2, U(1n) = (−1
2
, 1
2
] and
U(n) = (−
1
2
,
1
2
] \ {±
r
m
|1 ≤ r,m ≤ n, gcd(r,m) = 1}.
(ii) If n ≥ 3 and λ = (n− k, 1k) for 1 ≤ k ≤ n− 2, then U(λ) = [− 1
n
, 1
n
].
Proof. Given c ∈ (−1
2
, 1
2
], we set q = exp(2πic) and e the smallest positive
integer such that 1 + q + . . .+ qe−1 = 0.
If λ = (n) is e-restricted, then D(n) 6= 0 is one-dimensional and, therefore,
unitary. Similarly, D(1n) is one-dimensional and unitary.
Let us, now, assume that n ≥ 3 and λ = (n−k, 1k) for some 1 ≤ k ≤ n−2.
The form on Sλ is nondegenerate, if c ∈ (−
1
n
, 1
n
), and positive definite at
c = 0, hence (− 1
n
, 1
n
) ⊂ U(λ). At c = ± 1
n
, the form is positive definite on
the quotient Dλ = Sλ/rad(, ), therefore [−
1
n
, 1
n
] ⊂ U(λ).
We will use induction on n and the restriction functor Res given by the
natural inclusion H(Sn−1) ⊂ H(Sn) to prove that U(λ) ⊂ [−
1
n
, 1
n
].
First, we will use the induction hypothesis to show that U(λ) ⊂ [− 1
n−1
, 1
n−1
].
For n = 3, this is automatic, so we may assume n > 3. Let c ∈ U(λ) and
assume λ is e−restricted. At least one of the partitions (n − k − 1, 1k) and
(n−k, 1k−1) is different from (n−1) and (1n−1). Let us denote one such par-
tition by ν. We observe that Dν 6= 0, since ν is e-restricted. Using Theorem
2.5 in [Br], the module Dν is contained in the composition series of ResDλ.
Since Dλ is unitary, so is Dν . By the induction hypothesis, c ∈ [−
1
n−1
, 1
n−1
].
We will now show that Dλ is not unitary for c ∈ [−
1
n−1
,− 1
n
) ∪ ( 1
n
, 1
n−1
].
Using an argument similar to that in 3.2, we can define a Hermitian form
(, ) on the universal Specht module S˜λ for the universal Hecke algebra. It
will be related to the symmetric form 〈, 〉 defined in [DJ1, DJ2] by (v, v′) =
q−k/2〈v, σ(v′)〉 for any v, v′ ∈ S˜λ and a fixed integer k depending on λ. Spe-
cializing at generic complex values of q, we obtain the Hermitian form on
Sλ, up to rescaling. Since for c ∈ (−
1
n
, 1
n
) the module Sλ is irreducible and
its form is nondegenerate, we can normalize the form on S˜λ, such that it is
positive definite upon specialization in this interval.
Note that Sλ is irreducible for any c ∈ ±(
1
n
, 1
n−1
] because the e-core
of λ is itself (see [DJ2], Theorem 4.13 for details). Hence, the signature
7of the form on Sλ does not change when c ∈ ±(
1
n
, 1
n−1
], because the form
on S˜λ does not degenerate when specialized in this interval. It suffices to
prove that this form is not positive definite upon specialization in a small
neighborhood ±( 1
n
, 1
n
+ ǫ). Let us look at the signature of the form in this
interval. Let ζ = e2pii/n and Mi = {v ∈ S˜λ|(q − ζ)
i divides (v,−)}. The
Jantzen filtration of the Hermitian form given by S˜λ = M0 ⊃ M1 ⊃ . . .
is the same as for the symmetric form 〈, 〉. Looking at the determinant of
the latter computed in [DJ2] Theorem 4.11, we observe that it has a root
ζ of multiplicity
(
n−2
k
)
. This equals the dimension of Dµ at c = ±
1
n
where
µ = (n − k − 1, 1k+1). At c = ± 1
n
, it is known that Sλ has length 2, its
socle is Dµ, and its head Dλ. Hence, specializing at c = ±
1
n
, the Jantzen
filtration becomes 0 = M2 ( M1 = Dµ ( Sλ. Therefore, the signature of the
form changes when crossing c = ± 1
n
, without becoming negative definite. We
conclude that the form ceases to be positive definite in the interval ±( 1
n
, 1
n
+ǫ),
which finishes the proof.
We will now state and prove the main theorem. Let λ be a partition, L its
largest hook, and b the multiplicity of the largest part. If λ is not rectangular
with b > 1, let l = L − b + 1, otherwise, let l = L − b + 2. For any λ, we
will call the integers l ≤ k ≤ L the main hooks of λ. Note that if k is a main
hook of λ 6= (n), then λ is k-restricted.
Theorem 4.2. If λ 6= (n), (1n), the unitary locus is given by U(λ) =
(− 1
L
, 1
L
) ∪ {± 1
k
| k is a main hook of λ}.
Proof. The proof will be contained in the following two propositions.
Proposition 4.3. If λ 6= (n), (1n), then U(λ) is contained in the set (− 1
L
, 1
L
)∪
{± 1
k
| k is a main hook}.
Proof. Let us assume n ≥ 4 and λ 6= (n−k, 1k) for all 0 ≤ k ≤ n−1, otherwise
the result follows from 4.1. We will use the restriction functor coming from
the natural inclusion H(Sn−1) ⊂ H(Sn). Let c ∈ U(λ), q = exp(2πic) and e
the smallest positive integer such that 1 + q + . . .+ qe−1 = 0.
First, assume that e > L. We will prove that c ∈ (− 1
L
, 1
L
). Using the
restriction functor, we obtain ResSλ = ⊕ν→λSν where the arrow indicates
the addition of a box. Let ν be a partition in this sum obtained by removing
a box from λ situated away from the largest hook. Since Sλ is unitary, so is
Sν . The largest hook of ν is L, hence c ∈ (−
1
L
, 1
L
) by the induction step.
8Let us now assume that 2 ≤ e ≤ L, c = r
e
for some integer r relatively
prime to e. Note that λ is e-restricted. From Theorem 2.6 in [Br], the socle
of the restriction of Dλ to H(Sn−1) is
Soc(ResDλ) = ⊕
µ
good
−−→λ
µ
where the arrow indicates the addition of a good box (see [Br] for details).
For all partitions µ in the sum, Dµ 6= 0 and unitary.
We distinguish the following cases. First, we assume there exists a good
corner not situated on the largest hook of λ. Let ν be the partition ob-
tained by removing this corner. Applying the induction hypothesis to Dν ,
we conclude that l ≤ e ≤ L and r = ±1.
Assume, now, that all good corners are on the largest hook. If there is
a good corner on the first column, we remove it and obtain a partition ν.
Applying the induction hypothesis, we obtain r = ±1 and l − 1 ≤ e ≤ L.
Assuming e = l − 1, we note that the highest corner of λ is good, hence it
must be on the largest hook. In addition, λ has no corners outside the largest
hook, because they would be good. Hence, λ is of the form (n − k, 1k), a
contradiction. Therefore, l ≤ e ≤ L.
Assume, now, there is a good corner only on the first column. By re-
moving this corner, we obtain a partition ν such that Dν is unitary. Hence
r = ±1 and a ≤ e ≤ L where a is the smallest main hook of ν. Assume, first,
that the highest corner of ν is also a corner for λ. This must be a normal
corner of λ (see [Br] for the definition). It is not situated on the largest
hook of λ, otherwise, λ = (2, 1n−1). Let us remove this corner and obtain a
partition ν ′. Note that Dν′ 6= 0. Using Theorem 2.5 in [Br], Dν′ belongs to
the composition series of ResDλ, hence it is unitary. Applying the induction
hypothesis, we obtain the desired result.
Finally, if the highest corner of ν is not a corner of λ, then λ1 − λ2 ≥ 2
and L − 1 ≤ e ≤ L. Then there is no corner outside of the largest hook,
because it would be good. Hence, λ is of the form (n−k, 1k), a contradiction.
This finishes the proof.
Proposition 4.4. If λ 6= (n), (1n), then (− 1
L
, 1
L
) ∪ {± 1
k
| k is a main hook}
is contained in the unitary locus U(λ).
Proof. First note that (− 1
L
, 1
L
) ∈ U(λ), since the form on Sλ is nondegenerate
on this interval and it is positive definite at c = 0. We will now prove that
9Dλ is unitary at ±
1
l+k
for all nonnegative integers k where l is the smallest
main hook.
Let N ≥ 2 and a be positive integers and Q a primitive root of unity of
order 2(a+N). Then one can define the fusion category CQ of representations
of the quantum group UQ(slN). It is a modular tensor category whose simple
objects are highest weight representations with dominant integral highest
weight µ such that (µ, θ) ≤ a where θ = (1, 0, ..., 0,−1) is the highest root.
For details, we refer to [BK] and the references therein.
The category CQ is unitary for Q = exp(±πi/(a+N)) and Hermitian for
any Q. For this fact, and the general notions of Hermitian and unitary cat-
egories, see [K1, K2] and the references therein. Since CQ is unitary for such
Q, the braid group representations on multiplicity spaces of tensor powers of
an object are also unitary. In particular, if V is the vector representation,
this is true for the power V ⊗n.
Now, the braid group representations on multiplicity spaces of this tensor
power factor through the Hecke algebra HQ2. From the quantum Schur-Weyl
duality we obtain
V ⊗n = ⊕µ:(µ,θ)≤a πµ ⊗Dµ∨
where πµ are simple objects of CQ and Dµ∨ are irreducible representations of
the Hecke algebra HQ2 .
If we think of µ as a partition, then it is a partition of n with at most N
non-zero parts such that µ1 − µN ≤ a. Equivalently, λ = µ
∨ is a partition of
n with largest part at most N , smallest main hook l, and l −N ≤ a.
Returning to our problem, given a partition λ 6= (n), (1n) with smallest
main hook l, let N ≥ 2 be its largest part and a = l−N+k for a nonnegative
integer k. Note that a > 0. It follows from above that Dλ is unitary at
q = exp(±2πi/(l + k)). This finishes the proof.
The KZ functor defined in [GGOR] maps representations from the cat-
egory O of the the rational Cherednik algebra Hc(W ) to representations of
the Hecke algebra Hq(W ) where q = e
2piic. This functor maps the irreducible
lowest weight module Lc(λ) to the irreducible representation Dλ, if c > 0, and
to Dλ∨ , if c < 0. Note that Lc(λ) is mapped to 0 if λ is not e-restricted. Us-
ing the description of the unitary irreducible representations in the category
O presented in [ESG], we obtain the following
Corollary 4.5. The KZ functor maps unitary representations from the cat-
egory O for the rational Cherednik algebra of type A to unitary represen-
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tations of the Hecke algebra of type A or to zero. Moreover, all unitary
representations of the Hecke algebra are obtained in this way.
Note 4.6. The only irreducible unitary representations mapped to zero by
the KZ functor are those corresponding to a rectangular partition at c = 1
l
where l is the width of the rectangle.
We conjecture that the corollary can be generalized to the restriction func-
tor defined in [BE] for all complex reflection groups. Let W be a complex
reflection group, h its reflection representation, and W ′ a parabolic subgroup
of W , namely the stabilizer of a point in h. Let also Hc(W, h) be the corre-
sponding rational Cherednik algebra, c′ the restriction of the parameter c to
W ′, and Loc(hW
′
reg) the category of local systems on h
W ′
reg. There is a restriction
functor
Res : Oc(W, h)→ Oc′(W
′, h/hW
′
)⊠ Loc(hW
′
reg)
Composing it with the functor Mon : Loc(hW
′
reg) → Rep π1(h
W ′
reg) which
sends local systems on hW
′
reg to representations of the fundamental group
π1(h
W ′
reg), we obtain the functor
Res′ : Oc(W, h)→ Oc′(W
′, h/hW
′
)⊠ Rep π1(h
W ′
reg).
Let I be a finite set. IfMi ∈ Oc′(W
′, h/hW
′
) and Vi ∈ Rep π1(h
W ′
reg) for all
i ∈ I, we say that the object ⊕i∈IMi ⊠ Vi ∈ Oc′(W
′, h/hW
′
) ⊠ Rep π1(h
W ′
reg)
is unitary if and only if Mi and Vi are unitary in their categories.
Conjecture 4.7. If M ∈ Oc(W, h) is unitary then so is Res
′(M).
In this paper, we have proved the conjecture for W = Sn, h its reflection
representation and W ′ = 1.
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